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Abstract—In this paper, according to the integral-type constitutive relation of linear viscoelastic
materials, the initial-boundary-value problem on the static-dynamic analysis of viscoelastic thin
plates is established by introducing a “structural function™. The corresponding variational principles
are presented by means of convolution bilinear forms. As applications, we consider the quasi-static
responses of a simply-supported square plate with three different load histories in which the classical
Ritz method on the spatial response and the interpolation technique of Legendre polynomials on
the temporal response are used. The obtained results are compared with the analytical solutions
given in this paper. One can see that the approximate solutions agree well with the unalytical
solutions. @ 1998 Elsevier Science Ltd. All rights reserved.

1. INTRODUCTION

The inverse variational problem in the calculus of variations is one of the important
problems that has been of interest to a great many mechanics workers (Dai Tian-min,
1995). In the theory of viscoelasticity, Gurtin (1963) transformed the initial-boundary-
value problem into an equivalent boundary-value problem with the help of the idea of a
convolution product and constructed the ruling operator of the boundary-value problem
to make it become a symmetrical operator for the selected bilinear form. Hence, the
corresponding functional was given. Reddy (1976) directly constructed a simplified Gurtin’s
type functional for viscoelastic dynamic problems by using a convolution bilinear form.
Luo En (1990) further generalized the simplified Gurtin’s type variational principle.
Dall’Asta and Menditto (1994) studied the inverse variational problem on a perturbed
viscoelastic body. However, this is rare for variational principles of special viscoelastic
structures. The main cause is that it is impossible that the general variation principles of 3-
D-viscoelastic body are simply degenerated to obtain those of special structures. Usually,
the special feature of structures will make the ruling operator of a problem become more
complex orfand nonsymmetrical and the operator is essentially different from that of a 3-
D-viscoelastic body. Hence, this greatly increases the difficulty in constructing the cor-
responding functional. Dall’Asta and Menditto (1993) pointed this out when they studied
the variational problem of a perturbed viscoelastic body. This paper is devoted to the study
of the inverse variational problem for the static and dynamic analysis of viscoelastic thin
plates in order to provide an available analysis and avoid the additional errors due to the
numerical transform method. [t is also possible to overcome the limitation of the transform
method. To this end, from the Boltzmann relaxation law of the 3-D-linear theory of
viscoelasticity, the initial-boundary-value problem for the static-dynamic analysis of thin
plates is established. In the deriving process, we use the Laplace transform and its inverse
transform and introduce a structural function that depends on the relaxation functions of
the given material and expresses the structure feature of a viscoelastic thin plate. Therefore,
the constitutive relations of viscoelastic thin plates are obtained from the 3-D-integral type
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constitutive relation. This is the key to establishing the initial-boundary-value problem of
viscoelastic thin plates. Then, with the help of the Boltzmann operator (Leitman and Fisher,
1973) and convolution bilinear forms as well as the structural function introduced, the
operator ruling the problem may be symmetrized. Hence, the convolution type functionals
can be obtained from two different ways. One can see that the forms of the functionals are
simpler and more convenient for computation. Until now, variational methods have rarely
been applied to the numerical computations in viscoelastic problems. Hence, as the appli-
cation of the simplified Gurtin’s type variation principles in this paper. the quasi-static
responses of a simply-supported square plate with three different load histories are analyzed
by using the classical Ritz method and the interpolation technique of Legendre polynomials.
The three loads are: (i) a step load ; (i) an exponential load ; and (iii) an alternating load,
respectively. For loads (i) and (ii), we numerically solve the deflections of the plate at
different times and compare them with the analytical solutions obtained in this paper. One
can see that the numerical results agree well with the analytical ones. For load (iii), it is
impossible to apply the transform method to analyze the problem. Hence, the principles
and methods proposed in this paper may be widely applied to the static-dynamical analysis
of viscoelastic thin plates.

2. INITIAL-BOUNDARY-VALUE PROBLEM OF VISCOELASTIC PLATES

Consider a viscoelastic thin plate with the thickness 4. Assume that the coordinate
plane ox x, coincides with the mid-plane undeformed and the ox,-axis is perpendicular to
the mid-plane. Hence, the undeformed plate occupies the region to be
B=1(x,:x):x,€Q |x;5] £(h/2)} and its edge is Q = dQ,+0Q,, in which, éQ, and ¢Q,
are the portions of the edge given edge displacements and given edge forces, respectively.
Letting the displacements at any point in the midplane be wu,(x,, 1) and the stress 6,,(x;, 1)
and strain &,(x,.?) (hereafter, the Greek subscript has the ranges 1 and 2 and the Latin
subscript the ranges 1. 2 and 3), then we have the equations and conditions as follows.

2.1, Constitutive equations
For an isotropic linear viscoelastic material, the Boltzmann relaxation law is given as
(Leitman and Fisher, 1973)

S, =G, 8¢, 04=0Q¢, (1)
in which. S, and e, are the deviatoric tensors of stress and strain, G, and G, are the

relaxation functions of material and the symbol ® expresses the linear Boltzmann operator
defined by (Leitman and Fisher, 1973)

g @ ul(t) = g(0yu(1) +g(1) + u(t) = g(())u(t)JrJ glt—7u(r)de (2)

0
and the symbol = is the convolution product, (*) = d(-)/dz. For convenience, we shall omit
the spatial variables in all expressions.
According to the classical theory of plates, the effect of o4, on the deformation may be
neglected and hence, we obtain from a,; = 0 and (1)
(2(;1+Gl)®67? = _(GE_G1)®£77 (3)
Operating the Laplace transtorm and its inverse transform on (3), this yields

833(") - _f([) ® 87‘;(’) (43')

in which,
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=1L ! [(Gz - Gl )/3(2(;1 + G: ] (4b)
i is the Laplace transform of the function « and L' the Laplace inverse transform, s the
transform parameter. Using (1), (3) and (4) as well as the law of composition of the

Boltzmann operator (Christensen, 1982), it is not difficult to obtain
Oy = G ® £y +61/fGK ® [ (5)

where, G.(1) is defined as

Gi(1) =G () @A) (6)
From (6), we see that the function G;(¢) only depends on the relaxation functions G,(¢) and
G,(1), it itself is not an independent material function, and one can also see that the function
G, plays a key role in establishing the initial-boundary-value problem and the corresponding
Gurtin's type variational principle of viscoelastic plates. As G; expresses the structural

feature of a viscoelastic plate, we call it a “*structural function™.

2.2. Geometry and motion equations
In the linear theory of plates, we have

Eyp = Uz X3 @)
substituting (7) into (5), this yields
O = —X3(G) @ 3,5+ 0,505 D us ) (8

If the effect of the rotation and inertia in the midplane may be neglected, the motion
equation of the plate is given as

Alx[i:r/f + q = phul (9)
in which, the internal force moment M, is defined by

*h'2 h?‘ }
M= J OypX3 dx, = — Tg(Gl ® ”mﬁ‘*‘owG} ® u;..) (10)

hi2

where we have used the relation (8). Substituting the above expression into (9), this yields
o . )
]—j((r]—l—(};)@V s +phiin =q¢ iInQx(0,T) (1

2.3. Boundary and initial conditions
Assume that on 0Q, the displacements are given and that on ¢€, the forces are given,
then we have the following boundary conditions
Uy =y, Uz, =80 ondQ,x[0,7T] (12a)
e l/n = I7H on OQH X [Oi T] (lzb)

in which, #; and 0 are the known deflection and rotation angle on dQ, and M, and ¥, the
known bending moment and shear force on 0Q,, and also M, and V,, are given as
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I 5
‘Mn o lié(Gl ® u}.lzn—G} ® V;Ug)
b N
Vo= =13 (G +G) BV us),, + Gy (U3, —t3,/p,).4] (13)

where p, is the radius of curvature of the edge, s the arc length. In fact, from the definitions
of bending moments [see (10)] and shear forces and the constitutive eqns (8), it is not
difficult to obtain the expressions (13) by the method similar to deriving the corresponding
ones of elastic thin plates (Chien Wei-zhang, 1980). Assuming that the material and
structure are in natural states when re(—o0,07] and letting »3 and %5 be the values of u;
and i, = cdus/¢1 at the initial time 1 = 0, then the imtial conditions are

=2 =0 inQx(—oc.0] uslg=ud, in]_o=ul inQxr=0 (14)

in which, both the functions 1§ and &} are the only known functions in x,.
Thus, eqn (11) and conditions (12) and (14) form the initial-boundary-value problem
for the static-dynamic analysis of viscoelastic thin plates.

3. INVERSE VARIATIONAL PROBLEM

Now, the displacement u; and the coordinates x|, x,, x,, are denoted by w, x, y, z,
respectively. The variational principle holds as follows.

Variational principle 1: The solution of the problem (11), (12), (14) is equivalent to
seeking the stationary point of the functional I1, among all w satisfying (12a). and IT, is
given as

I, = r]lu’+nlh+r1!/
h} "
n e = QZ J {[(GI + (;1) ® (M",\.\ + M’..y_\ ) *(”‘y..xﬁx + w‘.y_l')

0

+ 2(—"I ® ( W‘\_\ BU Wk wAl'_\r)] dx dy
I
nm,= - [ [q *wdx dy+J (M, xw,—V, *w)ds.
J Q,

o

Q

v

0

1
I, = ( [ph [,) Wi (], g —w )il — w2 r} dxdy (15)

where w® and " are the initial values of the functions w and .
Proof: Observing the Boltzmann operator has the property

(ARB*C=ARB+*C=4A®RB*xC)=4QC*B (16)

it can be obtained

< s
an(ll"{ B O {_jz fJ‘[(Gl + G?) ®(n’“\',\' * M",\.x’ + M].lr‘,l' * M’«,\_l' + 2”’,\)* * M’,.\',l')] d‘ dl{}
Q

3

1
- iz fj[(Gl + G;) ® (w,n' * 61"".n + Wy * 5“”4‘_\ +2w.x:: * 5w‘xy)] dX d‘

0
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} 3
= —]1_2 JJ(Gl +G3) @(V*iw) x dwdxdy
Q

3

L S )
]2 J ((’l + G ) ‘@ %’H’y.nn * ()"VJI - |:(VH“’+ W‘.‘n‘)\n
éQ

n’ ! 1
— (ﬂ \) :|* éu} m(G +G,)® [ YA (w,,s - — H'J)j| * O,
p.\‘ s ko= | pv s
/13 r
oTIE) = {ﬁ J (614G @) xto ) dy dy}

/3 ~
;2J-'(F1+G ) @ Viwx(dw , + 0w, )dxdy

o
_n
12

JJ(G, +G,) ® Viwxdwdxdy

Q

3

/
e TI—IZJ (G, +G3) ® [V'w = dw, — (Viw), * ow]ds
a0

]’13
SITY = 6 {24JJ2(G‘+G”®(M e ,,)d)@d}}

o)
= (S(H(llu) (l’;)) - an“] (I n)
h , N 1
(G +0)® <(w,,—Vwyxdw,—[w,, — ;- w, | ®=ow>ds

3

h : 1
-6, +6G)® [ Z (wm— w“,.) * 5w,\:|
12 =] Os Tk

h3
S = {74JJZG @ (W, %W =W ”)dxd}}

Q

l’ 3 i I \
= "lj J G, ® [(u[,,,, —V3iw)*dw, — (w‘,”. - — wv&) * 5»1] ds
12 ). Ps -

/’13

. [
G D S1ur,
Thd ® I;Zl A (\u s i “‘>A * ()m:|

Hence, it is easy to see that

. R h’
()Hln‘ = OH(I‘;\] + 51_[(1? = _; J\\[(G‘ + G;) @ V4 W % (Sw dx d}'

Q

h s
N EJ —[Gy ® Vw4 Gy ® w,] *dw,, ds
K2
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W [ .
+ 115 J’ - |:((;] + G} ) ® (Vz u”).n + G] ® (“.Am - ; M”..v) ] * oW dS
< Joa :

I i 1 .
_ G PRI P O
1261 ® I;‘Z,] A <“ AN p\ “‘\)/\ *( “A}

kY

j [(G| +G3) ® Vi dwdxdy— { (M, 0w, —(Q,+M,,,)*ow]ds

12 o,

Q

h

: L N .
_ 712—(}, ® LZ} A (\1 e ). w‘\)k * ()MAj| (17a)

In the expression (17a). A(-), is the jumping value of the function (-) passing the corner
point k of the edge. In deriving (17a), we have also applied the Green formula, the properties
of the convolution product and the Boltzmann operator. In addition, we also have

~

oll,, = — H g*xowdydy+ ( (M, % 0w, —V, *dw)ds (17b)

v it
Q

oll,, = JJ phW % ow d,\'d_1‘+J ph(w|,_y — )|, .- dx dy

Q (9]

+JJph(M,AO—w‘")éu'l,;dedy (17¢)

Q

[n fact, it is not difficult to prove that (Dall’Asta and Menditto, 1994)

~

n l o
5 {J [ S phiix i dx dy(l = j ( phix v dx dy

Y : W/

Q 0

[p/m" xdwdydy+ [Jphwl, O, rdxdy— [[phwl,‘ _pow|,_odxdy

v o Y

2 Q Q

v

Substituting (17) into oI1, = [1,,.4+ dI1,,+ dI1,, and letting o1, = 0, we obtain the vari-
ational equation

. h?
(5[‘11 = fi

jJ(Gl +G1) Q(Viw — g+ phi) x Swdxdy
Q

[ [(Mu - ‘/ﬁn) * (SH‘JJ + ( I/"l - ’7H) * (5%'] dS
Joa,

i J‘Jph(”‘L 0 WU)(SW'I"* 7 dx d\+ {vj\ph(wllu() —1i'°)(5w|, = I'dx d‘
<

) e
ht : 1 o
-5 G, * Z Alw,,— ; W, k * ()mv = () (18)

Observing the arbitrariness of dw, (dw),,, 4,7, owl,. r and Sw, and using the Titchmarsh
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theorem (Leitman and Fisher, 1973) and the fundamental preliminary theorem (Chien Wei-
zhang, 1980) of the calculus of variations, this yields the eqn (11), the boundary conditions
(12b), the initial conditions (14) as well as the condition at the corner point &

I
A (m,,\m n'_.) =0. k=12..... i (19)
_ [

For the smooth edge, the condition (19) vanishes. The variational principle | is essentially
a simplified Gurtin’s type variational principle, in which. both the classical Cartesian
bilinear form and the modern convolution bilinear form are used simultancously. The
functional T1, can be made only when the structure function G, is introduced. As we
introduce G, it is possible that the operator ruling the problem is symmetrized. Next, we
shall construct a Gurtin’s type functional of the problem (11), (12), (14) by using the other
way. For this method, the initial-boundary-value problem may be translated into an
equivalent boundary-value problem and makes the operator ruling the boundary-value
problem to be symmetrical for the selected convolution bilinear form.

Variational principle 11: Let g,(1) = 1, g.(f) = ni"+w", then the solution of the problem
(11), (12). (14) is equivalent to seeking the stationary point of the functional IT, among all
w satisfying (12a) and IT. is given

I, = ., + 11, +115,

T
I1,, = 54 ‘ gy (G +G3) @00 o+ w ) %00 )

2

+2G, ®(w ok w o= xw ] dedy

me

n:/, = —J

Q

Grxrg*EwW dx d.v+J\ G *(AZ/I * W, I:;H * H‘) dS

3

[ ]
I1,, = J ph (7‘(/, Wk W g * n‘) dxdy (20}

Q

Proof: First, using the method similar to deriving (17) and observing that both g,(r)
and g,(7) are known functions. it is not difficult to obtain the variational equation as
follows :

~

. A , ' -
oll, = ' qu * [;,,(Gl +G) Vi —g+ p/ln‘]—{—phg:} xonwdydy
+ ‘ g, #(V,— V) s dwds— [ g =(M,—M,)*ow,ds =0 (21)
Joa, Joa,

Observing the arbitrariness of dw and (dw),, and using the Titchmarsh theorem, we may
obtain the following boundary-value problem

/ 3
g, * [172((;' +G) R Viw— c/+p/m‘i|+p/7yz =0 mmQx(0.7) (22a)
Y *(‘Mu - ‘/wuk) - ()* g ac( Vu - I~r1) = 0 on pQg X [On T] (22b)

Second, we have also to prove that the boundary-value problem (22) is equivalent to the
initial-boundary-value problem (11), (12), (14). Since the conditions (12a) on ¢Q, have
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been satisfied previously and using the Titchmarsh theorem for (22b), this yields M, = M,
and V = V,. Hence, the boundary conditions for the problem (11), (12), (14) identify with
those of the problem (22). Now, it is only necessary to prove that eqn (22a) is equivalent
to eqn (11) and the condition (14). In fact, operating the Laplace transform on (22a), we
obtain

no. . ,
g l:ll')(G' +GJ.&'V“W—q+plm1+phgz =

Observing the Laplace transform has the property
LI/™(0] = ' fs) =" 0) —5" 2 (0) - - —sf "7 2(0) = /" (0) (23)

then we have the equation

1 h?’ ~ ~ 4 = - ! 5,0 I (] »
— T,,(G, +G)sViw—g+phw [+ph| — — W~ = 0
Nl I ; s° :
that is,
h ~ ~ 4 ~ - 0,0
'15(61 + G sVIw—g+ phv— ph(sw’ +1") = 0 (24)

One can see that eqn (24) involves the initial conditions (14). The inverse transform of (24)
gives the governing eqn (11), and vice versa. Hence, the problem (11), (12), (14) is equivalent
to the problem (22). Only the problem (22) implies the initial conditions (14). So far, we
have constructed the convolution type functionals I1, and IL, of the problem (11), (12),
(14) from two different ways. In the numerical computation, the variational principle II is
more complex because the Gurtin’s type functional involves a threefold convolution product
but the simplified Gurtin’s type functional only includes a twofold convolution product
and hence, both the error and solving difficulty will be greatly increased provided the
variational principle 11 is applied.

To the authors’ knowledge, this is rare for approximate methods on the basis of the
convolution type functional. On the one hand, it is not very easy to construct the functional
of a class of special viscoelastic structures even if deflections of plates are small. On the
other hand, it is impossible to expect to give a general and valid computation method
because the viscoelastic problems involve time terms. Hence, it is necessary (Dall’Asta and
Menditto, 1994) to provide some special computation methods for a class of problems.
Even so this is also very meaningful for engineering and technology. To this end, we try
here to propose a method of analyzing the quasi-static bending problem of viscoelastic
plates. For this class of problems it is possible to obtain the solution we expect by using the
classical variational method. For convenience, letting the Poisson ratio v(#) = const, and
introducing the dimensionless variables and parameters as follows

E=x/R. n=viR, W=wh M,= R*M,DO)h,
V,=R*V,/D(Oh, M¥= R>M,/D0)h, V*= RV, /D),

Q = Rlg/D(Oh, (1) = D(n)iD(0) = E()/E), D(1) = E(OR/12(1—v))  (25)
in which E(7) is a uniaxial relaxation function and R, the characteristic length of the plate,
then we have the boundary-value problem in terms of the dimensionless variables

e(HR®VW)y=0 inQx(0,7T) (26a)
W =1wh, W,=ROh ondQ, x[0,T] (26b)
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~

M, = MY V,=V¢ ondQ,x[0,T] (26c)

where the dimensionless variables (&, #) and the region are still denoted by (x, y) and Q.
Variation principle II1: The solution of the problem (26) is equivalent to seeking the
stationary point of I, among all W satisfying (26b) and I1, is given as

I, = %”e QUW A+ W, )W W, ) =20 =W« W,
a

— W, W )ldxdy— J JQ « Wdxdy+ J (Mpe W,—VExWyds  (27)
Q

[}

o

For plates with only the simply-supported or/and clamped edge, I1, may be simplified as

2

j¢]

m, = 'J f e® (W + W) s(W .+ W,)]dx d.v-f f QxWdxdy  (27)

v
Q

In fact, the variational principie 111 is a simplification of the variational principle 1. If the
fundamental period of free vibration of the structure is much shorter than the relaxation
time of the material, then it is rational to neglect the effect of inertia (Hoff, 1958). In this
case the variational principle 111 may be directly applied to obtain the approximate solution
of the problem.

4. APPLICATIONS

As applications, we consider the quasi-static responses of a viscoelastic simply-sup-
ported square plate with three load histories. Assume that the viscoelastic behaviors of the
material may be described by a model with three parameters. Hence, the dimensionless
relaxation function e(r) is given as

E1+EE[) (28)

E, E
e(t) = A+ Bexp(—at) “E —{:E +E ;Ezexp(—‘ 4
1 2 ! ’

in which, E, = E, = 3.0 x 10* MPa, v, = 1.0 x 10° MPa - days.
Analytical solution of the square plate: under this case, the boundary-value problem
is

eRVIW=0 inQx(0.7) (292)
W=0 ondQ,x[0,7] (29b)
M,=0 onéQ,x[0,T] (29¢)

Using the Titchmarsh theorem, one can see that the condition (29¢) is equivalent to
Wodvmo1 = W limra,2) = 0. Assume that the Q(x, v, 1) = Q,(x, ) * @-(¥) and that the solu-
tion of (29) have the form

Wix,v.1) = Wi(x,y)- W (1) (30)

Substituting (30) into (29), this yields



4500 C.-J. Cheng and N.-H. Zhang

eQW, = Q: (€19)
‘V“W = 0, in Q
W]_W =0 onx=0,/=ua/b (32)
{ W, =W, =0 ony=+/{2=41/2

For a uniform load Q,(x, y) = 1, we only consider here the case of O, = 1. It is not difficult
to obtain the Levy solution of (32)

4% 2 ] 2+4a,thx,  2u,» A, (2v\ . 2x%,0\ . mmx
W(xy) =— Y — < ~ Seha, ch ; Scha ( ; )sh~~~-—[~»—~>sm

T om= 1.3, T

in which, «,, = (mn/2/), for a square plate, / = /b = 1. The maximum value of W (x,y) is
given as

4 e -1 )(m 2 “+ Ay Ih 1"1
Wl max LV] (X-,.}/')Il:(l‘ 2p =0 = 7‘[;/(__; , - (1 - ‘*za; f’ym ) (33)

In order to obtain W;(¢), we have to operate the Laplace transform on (31). As examples,
consider the following cases.
1. Let Q,(1) = ¢,H (1), then W,(s) = g,/s°(s). Observing (28). we obtain

and

: - 1 B A
W)= L' [WL(s)] = gy [A T A+ P <— ‘Aj?aé 1)]

If taking g, = 1, A = B = 0.5, o = 0.06/days, then
Wv;’(l) — 2~() -0.03¢ (343)

2. Let Qu(t) = qo[l +exp(— p1)], then we have

_ 1 1 / ‘
Wals) = g (S + ;+ ﬁ) ; sé(s)

_,,‘,/LJ _ _ o Ax Y ! (ot
_A+Bl<l BEXp( A+B‘s>)+ A "““)[’
| oo )

and
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Wity = L '[Wa(s)]

(ot B An_ 9o
D\ 4" 4P\ T Ay B )T A BB
s Bu A for e A0
E=Prexp(=p0 = g~ 415 b iin
= <
L Ax
D\a” 4+ P\ " arB
4o ; o, Ax
| + A+Bexp(—/}1)(] + (2 — 1) for f = (A+B)

If taking 4 = B = 0.5, o = 0.06/days, § = 0.05/days, g, = 1. then
W,(1) = 240.5(e -0.03¢ __()770.051) (34b)

Approximate solution of the square plate: we shall see that for quasi-static problems
of plates, the classical Ritz method may be directly used to obtain the solution we expect.
Let the space U of the solutions be

U= {WeUW=wh W, =R0/honéQ,x0,T]} (35)

and assuming that X,(x) ¥,( )y (1) is an orthonormalization system in U. then the approxi-
mate solution may be expressed as

i n

W2 =3 % ¥ CuX()Y,( (1) (36)

ol el k=0

in which, C, are the undetermined coeflicients depending on the integral variable v and
only depending on the present time T. For custom and visualization, we still denote the
present time T by t in the following. Substituting (36) into the expression (277), and
integrating the obtained expression, we have

n 3 i: 4 ijkars (b‘l//\' (‘wqr.\ - Bq/'\' C'q/‘.\ (3 73)

where,

Ai/r’\’qr.\' =€ ® (l///\ * ws) J‘ [[(‘X"” Y_I + ‘YJ Y;,)(/Yz/// Yr + ch )/:,)

Y

Q

21— )XY, X, Y~ XY/ X, Y)]dxdy  (37b)

gt

Bql‘.\‘ = J‘Q *(Xq Y/ w\) dx d."“ [ [M:(*(Xq le//.\)./v - V:(*(Xq )/rl//\')] d‘\, (37(:)

Jea,

v

Q

Let o1, = (, this yields
A Ciji =By =0, 1€<g<i1€<r<m0<s<n (38)
This is a system of algebraical equation about C;, and from it we may obtain the coefficients

Cx. For a viscoelastic square plate with the simply-supported edge, the approximate
solution W* may be expressed as
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W*(x,y,1) = ZEZC,y sin(inx) sin(jay)y (1) (39)

where (1) is an orthonormalization system of Legendre polynomials in the interval [0. 7]

given by
Wil £ ([ v T
Vo (T2 S — k=01 .. 40
Vi@ / r 2%kl det {[(f 1) l} } Ol @0

It is not difficult to prove

Wilt) * (1) = (= 1)0, (41

where §,, is the Kronecker-é symbol and the repeat index & does not denote a summation.
From the above derivation, it is easy to obtain the approximate maximum value of
the deflection under the uniform load to be

Wi () = WiIW3(Q) (42a)
in which,
Wi=" % S (=D @) ) (1 —cos(im)(1 - cos(jm))  (42b)
T =13 /=13
Wi= S (= DR (0) (42¢)

k=1

Dk+142 (—1yQk—25)! [/ 20\ %
Fk(’)=Q2*¢A»(I)=\/ ; \vo2’“.9.’(k~s).’(k—»2s)!,[ (1'“ > Q.(r)dr (42d)

0

In order to compare the analytical solution (33) with the approximate solution (42), we
shall give the numerical results in three load histories.
Application 1: Let Q(7) = H(r), then we have

W) = Lie(t), Wa(1) =2—exp(—0.031), R, =(Win—Woi) Wi  (43)

in which, W,(7) is given by (34a). The computation results are listed in Table 1.

In Table 1, R, = y,/(E, + E,) is the relaxation time of the material. In computation, we
take two terms and one term for the spatial and temporal variables in the formula (36),
that is, /, m = 1, 3; n = 0. We have to point out that F, = 0 in (42) when k£ = 1. In other
words, it is impossible that the degree of accuracy is increased by means of increasing the
number of terms of Legendre polynomials for the step load. This is different from Dall’Asta
and Menditto (1993). One can also see that, from Table 1, the approximate solutions agree
well with the analytical solutions given in this paper.

Application 2: Let Q1) = | +exp(— 0, # = 0.05, we have

Table 1. The maximum values of deflection for step load (i)

t/R, 0 ] 2 3 4 5 6 7 8 9 10 11 12
W x 101 4055 5929 7.144 7.726 7965 8.057 8091 8.103 8.108 8.110 8.111 8.111 8111
Wx10-? 4.060 5.657 6626 7.214 7.571 7787 7918 7997 8.046 8.075 8093 8.103 8.110

R.% —-0.11 481 781 710 521 347 218 132 078 043 022 0.09 0.0]
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F(n) =.[ Y lt—=1)Qx (1) dt
~ / ) '+1IA (— 1) =2k —25)!s,(n)
B (, - 0 2P isi(s— k) !k —p—2s)!p!
o= v

(n+(1—exp(—pn))/B, forp=0

] N il
g ! —exp(—mIBnY +n(Bny " +nln—D (B > +---+nll}

I’]p + 1
4+ forp =1 (44a)

In addition, W,(¢) is given by (34b), namely
I/VQ(VI) — 2+05[() w).()}:__() »().(151] (44b)

In computation, we take /, m = 1,3, n =10, 1, 2, 3, 4, 5 in the formula (36). The numerical
results are listed in Table 2, in which, W7 is the approximate solution and W, = W% is
the analytical solution. One can see that the variational solutions approach the analytical
solution with increasing number of terms.

Application 3: Let

(45)

00 = {H(t)+exp(~ﬁr’) te[0.t,]

H(t))+exp(—ft,) telt,, +x)

where ff = 0.05, t; = N+ R,, N is a positive integer. For the load history, it 1s impossible to
analyze the quasi-static response of a viscoelastic structure with the help of the transform
method. Hence, the relative reports have not been found. Here, we only intend to show
some features of the class of complex problems. In Fig. 1, the curves of deflection of the
viscoelastic square plate are shown when N = 2, 3, 4. It 1s necessary to point out that if
t < {, the upper limit  of the integrations in (44a) is ¢, namely, y = ¢, otherwise, n = 1,.
Figure 1 shows some features of the deformation of the plate. If we unload at the time
t = t,, the bigger N is, the lower the ratio of deflection is. One can see that for the larger
loading time #,, the springback of the plate is much slower after unloading. The cause of

Table 2. The maximum values of deflection under exponential load (ii)

LR, Wi 107 WEx 107 WAk 107 WAix107T WOk 1077 Wik 107 W, x 1077 R%
0 8.111 8.111 8.111 8111 8111 8.111 8.120 -0.11
] 9.953 8.295 8.524 %.505 $.506 8.507 8.469 +0.44
2 10.062 7.849 8.604 §.480 8.494 §.493 8.483 +0.12
3 10.563 7.339 8.626 8312 8.367 8.359 8.406 ~0.56
4 10.027 6.993 8.634 $.144 8.269 8.246 8.322 —0.91
5 9.960 6.811 8.770 5.004 8.223 8.174 8.235 ~0.99
6 9.698 6.740 8.859 7.890 8.216 8.130 8.207 ~0.95
7 9.489 6.733 5.936 7.794 8.234 8.099 8.175 —0.94
8 9.323 6.763 §.996 7.712 8.265 8.075 8.155 —~0.98
9 9.191 6.809 9.038 7.642 8.304 8.051 8 141 111
10 9,083 6.864 9.065 7.583 §.345 §.028 8.13 ~1.29
1 8.995 6.920 9.079 7.534 8.368 8.003 8. 12 —1.54
12 $.922 6.975 9.084 7.493 8.426 7.977 8.125 —1.81
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max

0.96

0.92

0.88

6
t/R,

Fig. 1. The curves of deflection of square plate for three loads.

this is that the dissipation of energy of the plate is more and more and the strain energy
stored is less and less with the increase of loading time.

5. CONCLUSIONS
From all the analyses above, we come to the conclusions as follows

(1) The initial-boundary-value problem (11), (12). (14) for the static-dynamical analyses
of viscoelastic thin plates is established by means of the Boltzmann relaxation law of
3-D-linear theory of viscoelasticity and the introduction of the structural function ;.
The initial-boundary-value problem may be applied to the static-dynamical analysis of
viscoelastic thin plates with any shape and any load history.

(2) The three variational principles are presented from the Boltzmann operator and con-
volution bilinear form. Here the structural function ¢, plays a key role.

(3) On the basis of the variational principle I11, we propose an available method to analyze
the quasi-static responses of a viscoelastic simply-supported rectangular or square
plate. For comparison. the analvtical solution of the problem is also given.

(4) As application, we consider the deflections of the square plate with three load histories
and compare the obtained approximate solutions [for loads (1) and (i1)] with the
analytical solutions. One can see that they agree well with each other. For load (iii), it
is impossible to apply the transform method to analyze the problem. Hence, the method
presented in this paper may be widely applied to the static-dynamical analyses of
viscoelastic thin plates with any load history.
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